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Abstract-Mathematical models for the motion of ionic species produced either by 
photo-ionization or by radiolysis are given in this paper in both cases where the solvated 
electron disappears only by neutralization with the cation or where this neutralization 
competes with the recombination with a neutral radical. We propose a system of time- 
independent non-linear partial differential equations which reduces to the Smolu- 
chowski equation in the case of an isolated ion pair. The questions of existence. unicity, 
regularity of the solutions of the system are studied for general boundary conditions. 
Then a finite difference scheme for the numerical treatment of the problem is given: 
the time and space conditions of stability of the algorithm are discussed. The numerical 
results are found to be in good agreement with recent experiments. 
INTRODUCTION 
This problem is issued from the “Laboratoire de Physico-Chimie des Rayonnements”. 
University of Paris-Orsay, France, Its modelling and study have been performed through 
a very close collaboration between Physico-Chemists and Mathematicians. 
The experimental and mathematical approaches of the phenomena have been pursued 
together; the numerical results, in good agreement with experiments when these are pos- 
sible, permitted to describe nonexperimentally accessible domains, and to perform a s!-s- 
tematic study of the influence of the various parameters. 
In Section 1, u-e describe the physical phenomena and its mathematical modelling, and 
give some bibliographical remarks. We also discuss the size of the coefficients and de- 
termine the interest of a mathematical and numerical study of the problem. 
In Section 2, we study the “isolated pair model” or “two reactant model”. It applies 
for instance to the case of photoionization by a visible ultraviolet photon (solar research) 
or of radiolysis of liquids giving rise to highly reactant cation-electron pairs (ethanol for 
example). We discuss existence, unicity and regularity of the solution and then its nu- 
merical approximation and stability of various finite difference schemes. 
In Section 3 the general case of the “three reactant model” is studied. It is of great 
interest for the study of the radiolysis of liquids for which the electron undergoes a com- 
petitive reaction with a radical (ethylenediamine for example). This modelling seems to 
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be absolutely new. We resume in this case the mathematical study of the solutions and 
of their continuous dependence on the initial data. We then establish convergence for the 
numerical schemes. 
Finally in Section 4 we conclude with numerical results. Full description of the dis- 
tribution functions and survival probabilities is given, even in the vicinity of the cation. 
Confrontation with numerical experiments and comparisons between the two and three 
reactant models are performed, in the two typical cases of ethylenediamine and ethanol. 
1. MODELLING OF THE PROBLEM 
1. I Introduction to the physical problem 
The interaction with some material environment of an ionizing radiation (high-energy 
electrons or y-rays) yields to an ultra-short settling of energy in a sequence of states which 
may lead to multiple ion pairs in a non uniform continuum of states[ 1, 81. After such an 
ionization time of lo-‘* s, a gap medium appears, but without a periodic structure. A 
fraction of the deposited energy is expended in the production of single ion pairs. isolated 
from one another (20% of the spurs, while 50% of the spurs amount with one or two ion 
pairs). 
Let SH be a molecule of the ionized system . Let e - or 0 denote a solvated electron 
and SH’ or 0 the cation (positive ionic partner). The solvated electron mostly disappears 
by neutralization with the cation. But in some solvents, the recombination with a neutral 
radical 0 competes with the neutralization process: Indeed a secondary cation, more 
stable, and a neutral radical can fastly appear by collision with another molecule SH. 
Then every volume element A V characterizes a non uniform spur of the different species 
%OO Their description in time depends obviously on the physical medium properties 
(dielectric constant, temperature) and on the specific physico-chemical properties (mutual 
diffusion coefficients, rate constants of chemical reactions). 
In a volume element AV, we set the following idealized problem: A “single” cation 
0 gives rise to an electric field and then to a potential U, acting on a “single” electron 
0, in the presence of a radical 0 which is electrically neutral. The initial distances of 
separation are R. and R;, related to the cation. The solvent is presented as an isotropic 
medium and the diffusive motion of 0 as an anisotropic random walk under the action of 
the interaction potential II. What is the time evolution of %i and 0 in the position space? 
A macroscopic inspection of the model leads to the following physical conditions: 
(1) Around the cation 0, the electron 0 and the radical 0 can be supposed to take any 
position. We shall thus consider a spherical geometry, with spherically symmetrical 
initial distributions of 3 and 0. 
(2) A suitable initial repartition function a(Ro) depends on the different initial conditions 
in the volume elements A V. Likewise we introduce a repartition function a’(RA) for 
the radical 0. 
(3) The neutralization or trapping of the electron 3 are probabilistic processes: A bound- 
ary condition at the cation surface must agree with incomplete absorption of particles. 
Another important condition is: There exists a time t, from which the different species 
should be uniformly distributed in the medium. The homogeneous laws of the chemical 
reactions would then only hold. This homogeneizing property in the whole of the medium 
cannot appear in our model; it is indeed limited to a bounded volume element. 
1.2 Some bibliographical remarks 
A large variety of phenomena of physical and chemical interest rely on the theory of 
globally or partially diffusion controlled processes. The theory was formulated first by 
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Smoluchowski[lS]. Onsager used the Smoluchowski diffusion equation to describe the 
Brownian motion of ions under the action of the external field and their mutual Coulomb 
attraction[ 161. 
The steady state problem is more often treated. hlozumder[l7] makes extensive use 
of a prescribed diffusion method in order to approximate the time dependence of the 
distribution function. But the underlying error is due to an elementary change of the second 
member of the equation. On the other hand, the long-time behavior of the neutralization 
rate and the survival probability is discussed in Mozumder[l8]. more recently in Hong- 
Noolandi[ 191 and in Refs. [20. 211. The important fact is that all experimentally accessible 
information is contained in the survival probability. 
1.3 Tlrr nmthetmtical model 
A specific function in the theory of diffusion-controlled reactions or in the theory of 
the neutralization process of charges in irradiated dielectric solvents. is the probabilit! 
p(t, r)r’dr that two particles whose centers were initially separated by the distance Ro 
will react with each other. Classically we can assume a stationary particle. Then the time- 
evolution of the diffusing other one is described by a Smoluchowski equation. 
Our assumptions have limited us to the consideration of problems possessing spherical 
symetry, so that the diffusion is confined to the radial direction of the cation, either under 
electric field for the electron, or without for the radical. 
We have then a set of two coupled parabolic equations, providing a simple one-di- 
mensional problem in R = ]R, R,[:R denotes the chemical reaction distance for the 
cation-electron pair (R is in fact the characteristic dimension of a particle). R,, very la,ge 
comparing to R, precises the volume element 1 V for the isolated triplet. 
The time concentration rates of electron or radical at a distance r of the cation is 
described by: 
dp’ D’ d r2 g -=-- 
at r2 & [ 1 ar - IJ-PP’. 
(1.1) 
(1.2) 
In the equations the non linear coupling term represents the recombination effects: The 
coefficient p. is a decreasing function of t which is adjusted to the electron flow in the 
neighbourhood of the radical. We precise p. in a remark below. 
D and D’ denote the mutual diffusion coefficients for the cation-electron and for the 
cation-radical pairs. 
The boundary conditions at r = R agree with the physical condition 3. Let 4aK be the 
chemical recombination velocity, we have: 
4nDR’ f$ (t, R) + z (R)p(t, R) 
> 
= 4rKp(t, R). (1.3) 
Clearly K + x corresponds to the case of a complete absorbing cation! For p’ according 
to the electric neutral radical and to the absence of a chemical reaction with the cation 
(K - 0), we obtain: 
4-;iD’R’ $ (t, R) = 0. (1.2) 
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hDR’, $r (t, Rx) i 2 (R,)p(t, Rx)) = 0 (1.5) 
JTD’R: 5 ((7 Rx) = 0. (1.6) 
Finally the initial conditions are expressed as gaussian distributions centred at distances 
Ro and Rb, with weak standard deviations cr(&) or u’(Rb): 
PKA r) = PO(r). p’(0, r) = p;(r). 
The fraction of electron left in fi at time t is given by the survival probability 
(1.7) 
(1.8) 
(1.9) 
N(t) = p(t, r)itnr’ dr 
and likewise the fraction of radical is 
N’(r) = I R p’(t, r)lzr’ dr. 
An interesting result is that one can discuss h’(t) as a function of R. and regain in 
particular the escape probability of Onsager as t + ic and R -+ 0[2 11. However we do not 
attempt the corresponding procedure in the present model. 
Remark. In the evaluation of the coupling coefficient )_L, vve can consider an analogous 
problem for the radical-electron pair involvin g a third but independent equation with IJ- 
= 0 and U = 0 and an initial condition of Heaviside type: see [3, 5, 211. By an analytical 
calculation, one easily verifies that: 
p(t) = hK” 1 + ” 
I AK’) ( A, exp(w’t) erfc(oV5) > (1.10) 
L I 
D” R” 
where K” is the chemical recombination velocity for the radical-electron pair, D” their 
relative diffusion coefficient; R” denotes the characteristic chemical reaction distance for 
the radical-electron pair and w is given by: 
w=(l+&)Jg. (1.11) 
The radiolysis or ionization phenomena lead to essential experimental and theoretical 
studies in the “Laboratoire de Physico-Chimie des Rayonnements” (University of Paris- 
Orsay, France). We have especially been concerned with experimental data about alcohols 
and amines. Two main parameters are of importance for this type of solvents. the static 
dielectric constant and the rate constants of the chemical reactions: The former appears 
in the electric field term (polarity property) and the later characterizes the efficiency of 
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the chemical reactions between the transient species. Another important peculiarity of 
the problem is the determination of the mean values R. and Rb of the initial electron- 
cation and radical-cation distances in the radiolysis of these liquids: Of course Ro and 
R;1 depend strongly on the previously stated constants. and their CI priori estimation is not 
easy for the physico-chemists. 
Thus the purpose. and main interest of a numerical analysis of the problem is. (i) to 
precise the sensitive dependence of the chemical rate constants in the present non hom- 
ogeneized evolution description; (ii) to determine V(t) for t G 10 ns. which is not ex- 
perimentally accessible: (iii) to describe the probability p(.. r)r: dr and p’(.r)r’ dr of the 
electron and the radical to be present in a unit volume: (iv) to infer the values of Ro and 
Rb in the initial conditions p. and p;. from the observed values and the numerical cal- 
culation of the functions iv(.) and N’(.). 
The model must be simple and give a better understanding of the competitive cation- 
electron and radical-electron reactions especially for small values of K: In such a case, 
the cation-electron pairs are not very reactant and the possible “capture” of the electron 
by the radical makes their time evolution quite different. On the contrary, with great 
values of K, the cation-electron reaction prevails and one can easily justify the use of the 
two reactant model (Section 2 and see Ref. [23]): In this case, the numerical results are 
not significantly different on both models. 
The same kind of mathematical model has been considered for problems arising in 
biology[24] and in plasma physics[Z]. 
2. MATHEMATICAL AND NUMERICAL STUDY OF THE “ISOLATED ONE 
PAIR MODEL” 
In this section we consider the one-pair electron-cation model which is detailed in Ref. 
[6]. It applies to highly reactant electron-cation pairs. 
The coupling coefficient I is identically zero: the radical does not react with the 
electron, and the diffusion equations for the distribution functions p and p’ are decoupled. 
Thus we are led to a linear partial differential equation for the electronic distribution 
function, p(t, r), (t. r) E Q = 0,T X 0 
(t, R) + F (R)p(t, R) = Kptt. R) 
$ (t, Rx) + 2 (R,)p(t, R,) 
i 
= 0 
(2. I) 
(2.2) 
(2.3) 
PC03 4 = pa(r). (2.4) 
Coefficients R, D, I/, K have been defined in Section I. 
2.1 Existence, uniqueness and reglllnrity theorems, Positivity of the solrltion 
Let us use the standard notations for Sobolev’s spaces[ 121. We shall denote by H’“.‘(Q). 
m, s real positive, the space L’(0, T; H”‘(R)) fl H’(0, T: L’(0)). It is a Hilbert space for 
the norm 
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THEOREM 2.1. For every p0 E H’(R), there exists one and only one solution p E @’ 
(9) of the boundary problem (2.1). . .(2.4); it is a.e. continuous on Q. 
Furthermore the distribution p depends continuously on the initial distribution po. 
Proof. Indeed it can easily be seen that the differential operator P given by: 
and the boundary operator defined by means of the boundary conditions (2.2) (2.3) lead 
to a regular elliptic system. Hence, by a result of [12], we obtain existence, uniqueness 
and continuity on the initial data. Since dim fi = 1, H*‘(Q) is imbedded in C(0, T: H’(R)). 
This established the desired continuity. 
In the same way we obtain the following regularity theorem: 
THEOREM 2.2. (Regularity of the solution) Let k be any positive integer. Let p. E 
H”‘(R), be such that there exists a mapping Cp, @ E H’+‘.‘+“‘(Q), satisfying the com- 
patibility conditions: 
(C) 
(2.2)(2.3)(2.4) 
(Q’ + P@)‘j’(O) = 0 for any integerj, 0 < j S ((k - 1)/2). 
Then the solution p of (2.1). . .(2.4) belongs to H’+‘.‘+“‘(Q), with eqn (2.1) holding in 
Hl;.k/z( 2). 
Rernnrk 2.1. The trace theorems[l2] on Hz”.’ *uz (Q) give necessary and sufficient 
conditions to the existence of Q, satisfying (C); these are obviously satisfied when the 
support of p is contained in R. This is always the case as far as experimental initial data 
are given. 
Let us introduce now variational formulation of the problem. In what follows, H denotes 
the real vector space L’(R) equipped with the scalar product: (u, v) = (Jn [l(r) i!(r) r2 
dr)“’ (corresponding norm denoted by 1 . 1, q e uivalent to the usual norm). V is the usual 
H’(R) Sobolev’s space equipped with the scalar product: ((u, v)) = (II, ZJ) + ((du!dr), (dij/ 
dr)) (corresponding norm. j/ . 11); V’ the dual topological space of V. 
Find p E W( V, V’) = (11 E L’ (0, T; V), u’ = (&/at) E L’ (0, T; V’)} satisfying 
(P’. w.v + dp, v) = 0 vu E v (2.5) 
P(O) = po given in H (2.6) 
where the bilinear from c1 is defined on V x V by 
a(u, v) = D 
& & 
dr 
f dull 
dr ’ dr 
+ Ku(R)u(R) + y(u, I!). (2.7) 
We have thus applied to the solution an homothetic transform of factor e-7’. 
The form a is continuous, non-symetric, and V-elliptic for large y. More precisely for 
all fixed y satisfying 
dU 
Y 2 vo(D, I/) = D dr 
I I L”(R) 
(2.8) 
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there exists cu(D. U, y) such that: 
I33 
n(u, 11) 2 a(D, u, y) I/ 11 f vu E v. (2.9) 
For less regular data PO, we thus obtain weak solutions p according to the following result: 
PROPOSITION 2.1. The variational problem (1.5H2.6) has a unique solution p (which 
belongs to C(0. T; H)). The mapping p. + p is continuous from H into C(0, T: H)). 
Moreover, if the initial data p. is a.e positive, the solution p is a.e positive too. 
Remark 2.2 The equivalence between problem (2.5H2.6) and problem (2.1). . . .(2.4) 
is at the moment formal. since we cannot attach a meaning to the boundary conditions 
for non-regular solutions. But problem (7.5)(2.6) is better suited for numerical work. and 
we shall establish in Section 3, additional regularity for its solution (Corollary 3.3 with 
p_(t) = 0) hence completing the proof of equivalence for given p. in H. If we replace W( V. 
V’) by W( V, H) [in the variational problem] and choose p. in V, the analogous of prop- 
osition 1.1 is exactly Theorem 1.1. 
COROLLARY 2.1. For a.e positive initial data p. E H, the survival probability i\(t) = 
J‘n p(t, r)r’ dr is decreasing and continuous on [0, T]. 
Proof. Choose 1’ = 1 in (2.5) and integrate on [0, 71, T s T. 
2.2 Numerical approximation by finite difference schemes 
Let r, = R. . . , ri, . . . . rl = R, be a partition of the interval (R, R,). We set h, = 
h 27 
hi = ri - ri_1 for i = 2, . . . I. h = (hl, . . . . 11,) 
I h I = ,:yc, hi, h’ = inf hi. ,=ziSl 
The external approximation of the space V is then defined by the following diagram[ 141: 
(i) V, is the vector space of step-functions on the intervals 
h, h 
ui = rj - 7, rl + 7 , . . . , 
-) 
hi 
Ui = ri - 7 , ri + hi-, - 
2 > 1 ‘. ’ ’ c1 = r1 
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The length of CT, will be denoted by 6;. An element u of Cl,, is then defined by means of 
its values u’, u’, . . . , ri at the nodes rl, r2, . . . rI. 
(ii) The finite difference operator 6 is classically defined for all ~1 E V,, by 
&l(r) = ” 
ii I 
h_ ‘li for r E (r;, ri_,) 
I 
(iii) The restriction operator rh is defined by 
where P is a continuous linear mapping from V into H’(R) such that PrriR = II. 
Vh can be equipped with two scalar products: 
(I[, I’),, = (Lf, Z’) (2.10) 
((11, a)),, = (Lf, P) + (till, 61,). (2.11) 
The corresponding norms will be denoted by 1 . 11~ and 11 . II,,. The index h will be omitted 
when it will not lead to confusion. Thus we have: 
PROPOSITION 2.2 
(i) This approximation of VI, is stable and convergent. 
(ii) The norms defined on vh satisfy 
d/2 
Sup(U(R) = U’, u(R,) = u’) S - 
/I 11 II 
R X’%Z - 1)h’) ’ 
(2.12) 
(2.13) 
Proof. The conditions of stable and convergent approximation are easily checked. 
Inequality (2.12) is standard (coefficient 6 is due to the weight r’ in the norms). Estimate 
(2.13) is derived from the following inequality. 
I 
(u’)’ s c i=, & (d)* + 2 i: ( i)2h. (i=, LL I)“’ (I$ (““I_ “i>, hi)” 
which is stated in Ref. [4]. 
Remark 2.4. Notice that in (2.13), (I - I)h’ can be chosen independent of iz, for 
instance greater than 2R. Now let to = 0, . . . , tlv = T be a partition of the time interval 
[0, T]. We set 
k, = t, - tnpl for n = 1, . . . N 
and 
k = (k,, . . . k,v), 1 k 1 = sup li,. 
ISt7SN 
We call 0 a real number fixed in [0, 11. 
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variational problem (2.5)-(2.6) is approximated by the following discrete problem 
For given 11’ in Vh (rr’ will be an approximation of p(O)). find, for n = 1. . . , N. 
the functions 11” of \‘h (11~ will be an approximation of p on the interval It,, - ,, t,]) 
such that 
(2. 14R) 
where ah is defined for 11 and 11 in Vh by 
Q(U, V) = D (8~ + (% (r,)!, II, 611) f Ku(R)I(RR + $I[. ~~1. (1. I3 
Let L[/,,~ be the solution of problem St,” (8 fixed), considered as a function defined on [O. 
T] with values in VI,, i.e. 
u/JO) = u”, ~,,.~(t) = un for t E If,!- ,, t,] (2.16) 
The proof of the following proposition is standard: 
PROPOSITION 2.3. Assume that 11’ is given in V,,; the problem Sg.” has a unique solution. 
If the scheme is fully implicit (0 = I), the solution I(/,,~ is positive when the initial data 
11’ is itself positive. 
Remark 2.5. For 8 # 1 we can numerically observe solutions with negative values. 
One can find in [2] sufficient positivity conditions related to 1 k 1 and the matrix AI, as- 
sociated to the bilinear form a,,. 
2.3 Stability and convergetlce of the solutions of the approximate problems S$.” 
Solution i&.k is said to be L”(0, T; H)-stable whenever there exists a constant A. 
independent of h and k, such that: 
Let us denote by Oh the mapping from H into vh defined by 
(a is the prolongation of u by 0 outside 0). We obtain: 
THEOREM 2.3 (L”(0, T; H)-stability) Let u,,,~(O) = ohll”, 11’ E H. 
Then for 9 2 t, problems S$” are unconditionally L”(0, T; H) stable. 
For 8 < a, L”(0, T; H)-stability follows, for small h and k, from the stability condition 
31x-j< 1 - ~ 
h” i - 28 
inf ’ - ’ 
i 
D ’ 
6 E IO, l[ (2.17) 
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More precisely, if the condition (2.17) is fulfilled, there exist two constants D, and Dz, 
independent of h and k, such that 
j 14f) ( s D, 1 11’ ( (2.18) 
Proof. We use the continuity properties of ah. First we Write ah = a: + a; with 
&II, u) = D(611, 6~) + Ku(R)v(R) + $11, v) 
a!,(~, ~1) = D ((%)h II, 8~) . 
From (2.1 l), (2.19) one can easily deduce the following lemma: 
LEMMA 2.1. There exist functions of h, N(h), L(h) and N’(h) satisfying: 
1 ah(ll, z’) ( s N(h) /I 11 11. 1 z’ / (u, v) E Vh x V/T 
v/6 
-+g-+y) 
L=(R) h’ 
1 u”,(u, Zf) 1 s L(h) 1 11 1 1 ZJ I (ll, v) E v,,’ x v,, 
6 2K 
L(h) s D - + - h” R’h, + ’ 
1 a:,(~, il) 1 s N’(h) 1 u I I 11 I (If, zj) E v/z x V/l 
dU 
N’(h) G D - 
I I 
v/6 
dr -7. L.=(R) h 
(2.20) 
(2.21) 
(2.22) 
(2.23) 
(2.24) 
Let us choose in (2.14”) ZJ = 11; = (1 - f3)u”-’ + f3P 
1 tP 12 - 1 II”- ’ 12 
kn 
+ .i&(ff;, 11:) = ( k 1 (1 - 28) (2.25”) 
If 8 > 112, we add these equalities for n = 1 to N and obtain: 
which gives exactly (2.18) (2.19) and hence L”(0, T; H)-stability. If 0 s 4 \ve have to 
bound ( I d’ - d’ - I I’)lk,. We thus choose z, = (11” - u”-‘)lk, in (2.14”) and obtain: 
1P - lP--’ 
k, 
(2.26”) 
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By means of estimate (2.22) we deduce 
(2.77”) 
and coming back to (2.2Sn), we get, when adding the inequalities from 1 to n, the stability 
condition 
1 k 1 N(h)’ s & (2.28) 
and the estimates (2.18) and (2.19). 
The condition can be improved by using in (_._ 3 36”) estimates (2.23) and (2.2-t) instead 
of (2.22). (2.26”) can be written: 
= k, (; _ q at (lln x:‘“-’ , 1’” -k.:“) 
Let us assume that X- fulfills the condition 
1 k / L(h) s &(I - 6) (2.29) 
then 
and coming back to (2.25”) we get 
s 1 k 1 (1 - 20) y 11 u; j/?. 
We finish as before by adding these inequalities from 1 to n, under the assumption 
1 k 1 N’(h)’ y+‘. (2.31) 
Using then bounds (2.23) and (2.24) for L(h) and N’(h) we find the stability condition 
(2.17) and thus complete the proof of Theorem 2.3. 
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Remark 7.6. For the Coulomb potential (dU/dr) = (P/r’). if we use non-dimensional 
variables (t, r) - ((Dtlp’), (r/P)) the stability condition (1.17) becomes, when R < 1 
(2.32) 
and appears to be very constraining. Thus we could not afford the use of an explicit 
scheme for the numerical experiments. 
THEOREM 2.4 (br*eak convergence). Let us denote by p the solution of problem 
(X)(2.6). Under the assumptions of Theorem 1.3, when h and / k 1 go to zero 
(i) pjI 1lh.k converges to cjp weakly in L’(0, T; F) (i.e. &k/R * p and bh.kln + (dplf3r) 
weakly in L’(0, T: H)). 
(ii) L&k-/n converges to p for the weak-star topology of L”(0. T: If). 
Proof. Estimates (1.18)~(1.19) allow us to obtain (2.5) (7.6) as the limit of 
S$” (cf [63). 
THEOREM 2.5 (sfrong cont*ergence). Under the assumptions of theorem 2.3, and if the 
following conditions are fulfilled: there exist constants E, h, m, Al independent of h and 
X-, E E IO. I[ such that: 
(2.33) 
/!lr.kIR converges to p strongly in L’(o). 
Proof. uI!.k = (tt’, It’ . . . . K~) is the solution of St.” (with fixed 0). We set II:., = ([lo; 
rf;, . . ( II’:) where r&j = (1 - f!l)d- ’ -t W’ and define on [O. T] a piece-wise linear 
function tiz.x by 
P 
From estimates (2.27”), which hold for any 8 E [0, 11, and from (1.19) we deduce, if 1 k // 
h” remains bounded, the existence of constants D3 and D, such that: 
Due to the weak convergence of [l/,.X_ to p in L’(0. T; H), it is thus sufficient to show the 
strong convergence in L’(O, T; H), it is thus sufficient to show the strong convergence 
in L’(0, 7; H) of the sequence (tiJT,k). 
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Let ho be given and 5 = {N&/h 6 ho, h and k satisfying (2.33) (2.34). plus (2.17) if IJ 
c+ 1 _ . 
LEMMA 7.1. 3 is a bounded set of L’(0, T; V) fl W',' *'(O. T; H). Let us admit this 
lemma. We use then a compacity result stated by Dubinskii[9] and developed in [ 1 I]. (For 
this result the relative compactness in H of S = Ulh!+ fit E Vl,i[l vh /I c I} is fundamental 
(Ref. [13]).) 
Hence we can show that 5 is relatively compact in L’(0, T; H). Thus Theorem 2.5 is 
proved if we establish lemma 2.2. 
Proof. (2.19), (2.34) and (2.35) give us a bound in L’(0. T; V). The estimate in \Y’.’ -‘(O. 
T; H) is obtained by means of (2.27”); it strongly depends on the condition (2.33). Indeed: 
implies 
and with (2.19) we obtain 
Since N(h) behaves like l/h’, we can conclude if we notice that for t E It,,_ I, t,] and 11 
2 2 we have under condition (2.34): 
and for t E ]to, t,] 
COROLLARY 2.2. Under the assumptions of Theorem 2.5, the approximate survival prob- 
abilities N/,.x.(r) = In [lh.k(t)r? dr converge to N(t) = J‘n p(t, r)r’ dr strongly in L’(0, T) 
and hence a.e. in [0, T]. 
3. THE “ISOLATED THREE REACTANT MODEL” 
We consider here the general model of Section 1. The coupling coefftcient k(f) is non 
zero. In Q = IO, T[.r]R, R,[ = IO, T[.r0, the problem is the following: “Find functions p 
and p’ satisfying equations (I. I)-( 1.7)“. 
l-l0 E. CROC em al. 
Let us multiply p and p’ by ewyr (y is chosen real and positive). We shall study the 
equivalent following problem: Determine p(t, r) and p’(t, r) in IO. T[.rR satisfying: 
f$ - $i [r’ ($ + Fp)l + yp + ,~(r)pp’ = 0 
ap’ D’ a ---- [ 1 
g dp’ at r’ ar ar + yp’ -i p(t)pp’ = 0 
DR’ 
( 
$ (t, R) + g (R)p(t, R) 
1 
= Kp(t, R) 
DRr: $ Ct. Rx) + % (R,)p(r, R,) = 0 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
with 
$ (t, R) = $ (t, R,) = 0 
~(0, r) = m(r) 
p’(0, r) = p;(r) 
p,(t) bounded positive function. 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
3.1. Semi-discrete approximation of the problem 
As before, we divide the time interval [0, T] into N intervals [t,,, t,_ , [of length k, _ , , 
n=o,... N - 1. We set k = (k,, . . . I+) and 1 k 1 = suplSnShi k,. 
p” and p’” are approximations to the values p(t,, .) and p’(t,,, .) of the exact solutions. 
We choose: 
po = p. p'o = p;, (3.9) 
1 
I 
t,, + I
P” = k p(t) dt (3.10) 
n+l fn 
and for n = I, . . . N, define p” and p’” recursively by the differential system: 
dp” dU 
z+drn” 
+ yp” + pn-’ p’“_’ p” = 0 (3.11”) 
P 
,?I 
-P 
In-l D’ d dp’” --- 
k, r’ dr [ 1 $ - dr 
+ ypez + Fn-lpn-lp~n = 0 (3.12”) 
(3.13”) 
(3.14”) 
dp’” 
dr (R) = 5 (R,) = 0. (3.15”) 
Remark 3. I. The discretization used for ~pp’ decouples equations (3. I I”) and (3.12”). 
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THEOREM 3.1 (e.rislence nnd uniqueness of the appro.rimcrte solution) 
The data are the following: 
241 
R, D, D’ strictly positive constants, 
K positive constant, 
p in L”(0, T), a.e. positive function, 
U(r) with derivatives (dU/dr), (d’U/dr’) in L”(R), 
PO and pA in L”(0), a.e. positive functions. 
Then for any fixed y satisfying y 3 y. (D. I/) = D 1 (dU/dr) jtXtr?, and for n = I, . . . h‘. 
the differential system (3.12”). . . .(3.15”) has a unique solution (p”, p’“) belonging to space 
V X V. Moreover this solution is of class C’ and positive. 
Remark 3.3,. if p” and p”’ are in V, and p"- ’ and p”‘--I in L”(R), we deduce from 
equations (3.11”) and (3.12”) that p” and p’” belong to space H’(R) and thus are of class 
C’. Consequently. we can attach a meaning to the boundary conditions (3.13”) and (3.14”). 
Proof of Theoretn 3.1. Let us assume that Theorem 3.1 holds for indexes 1, 2. . . . tz 
- 1. We therefore have existence of a.e. positive p”-’ and p”‘-’ in L”(R). 
The equivalent variational formulation of system (3.11”). . . .(3.15”) writes: 
( P” - P”_’ , i’ kn ) + a(p”. v) 2 p,*n-‘(p’fl-lpn, 1’) = 0 vi1 E v (3.16”) 
( 
P 
rn 
- p 
,n- I 
L 
( 1’1 
) 
+ .‘(p”‘, Ll’) 1. CLypr*-‘p’n, v’) = 0 VT!’ E v (3.17”) 
where the bilinear forms n and n’ are given by: 
+ Ku(R)v(R) + y(u, v) 
They are well defined on V x V and V-elliptic with constant a(D, U, y) for y 2 y. (see 
(2.7) (2.8) (2.9)). Let us show the result for p”. Equation (3.16”) writes: 
b,(p”, 1’) = $ (p”-‘, 7’) (3.18) 
with 
b,(u, 11) = ; (II, u) + U(ll, Ll) + /A*-‘(p’n-’ 11, 11). 
” 
Since pn-’ and p’“-’ are positive, we get: 
(3.19”) 
‘1 _ _ E. CROC et a/. 
and thus existence and unicity in V for p”. If we choose now 1’ = p’? negative part of p”, 
(3.18) gives: 
-b,(p”-, p”-) = ; (p-i, p”) 2 0 
” 
and thus p!? = 0; p” appears to be positive. 
The proof of existence, unicity and positivity of p’” is almost the same. 
Remark 3.3. In Theorem 3.1 we could get rid of condition y L yo. It is easy to see 
that b,, with y = 0, is V-elliptic for small k,: 
But then, the “a priori estimate” (3.23) does not hold. 
COROLLARY 3.1. Under the hypotheses of Theorem 3.1, solutions (p”, p’“) satisfy: 
I 
p” r2 dr s 
I 
p”-’ r2 dr (3.20”) 
R n 
p’” rz dr s pfn-’ rz dr. (3.21”) 
Proof. We multiply equation (3.11”) or (3.16”) by r’ and integrate over R using the 
boundary conditions (3.13”) (3.14”) or (3.15”) and the positivity of pn, p”, pfn. 
Remark 3.4. This corollary means that the discrete survival probabilities of electrons 
and radicals are time-decreasing. 
3.2. A priori estimates and interpretation 
THEOREM 3.2. With the notations of Theorem (3.1), the following a priori estimates 
hold: 
0 S ( p”” 12 c (pn-‘, p”) d ) p” jz s ... s ) p. 12 (3.22) 
Proof. These estimates are classically established by setting 
,, = p” = p”-’ + k, 
p” - p”-’ 
k, 
in (3.16”). We then introduce the following approximate funtions: 
px- step function defined by: 
P&(O) = PO 
pk(t) = p” onIt,- I, t,l n = 1,. . .N. 
(3.23) 
(3.21) 
(3.25) 
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fik piecewise linear function defined by: 
PL(0) = PO 
&(t) = p” + p 
n- 
p 
n-l 
kfl 
(t - t,) onIf,-1, LJ, n = l,...N (3.16) 
p;l, &, t.~.~ analogous functions from p’” and t_~“. (3.27) 
We denote T-k the translation operator defined over the step functions on (0, T) = 
VJ= ,]t,, _ , , t,] such that: 
7-k $(t) = +(t,_r) if t E]t,_,, t,], n = 1, . . 
Thus equations (3.16”) and (3.17”), n = 1, . . . , IV, write: 
+ a’(& d) + T_kJ*k(7_kpk’& d) = 0 
, N. (3.28) 
v’tl E v (3.29) 
Vzr’ E v (3.30) 
and from Theorem 3.2 we deduce: 
COROLLARY 3.2. As k goes to zero: 
(i) pk-, ok, pi, fii range in a bounded set in L’(0, T; V) fl L”(0, T; H) and t_~ in a bounded 
set in L=(O. T). 
(ii) T-k pk * 7-k pi . pk and T_I&k. ‘i_kpk. pi range in a bounded set in 
(iii) (a&)/& and (@~)/I% range in a bounded set in L’(0, T; V’). 
(iv) 
L'(0, T; HI. 
j pk - ljk jz~‘co, T: H) s 1 k 1 1 PO I2 (3.31) 
1 p;_ - p; 1 ~‘(0. T; H) c 1 k 1 1 Pb I?. (3.32) 
THEOREM 3.3 (convergence). From the sequences (px-, pk) we may 
sequences (still denoted by (pk, p,&)) such that: 
extract sub- 
6) pr: and & converge to p 
p;C and fit converge to p’ 
for the weak topology 
of L’(0, T; V), the weak-star topology of L”(0, T; N), the strong topology 
(ii) The limits p and p’ are positive a.e on Q 
(iii) ‘%‘k dP 
t converges to ; 
ajx. apt 
weakly in L’(0, T; V’). 
t converges to z 
of L’(Q). 
(iv) .r-xN”-kp”px converges to t.~pp’ strongly in L’(0, T: H) 
T_+k’~-~p~‘,$ 
7-u E. CROC et al. 
Proof. The weak and weak-star convergences are immediate consequences of Cor- 
ollary 3.2, (i) and (iii). Nevertheless. we have to verify that pi and pk (pi and 0;) admit 
the same limits: This is straight forward from (3.31) (3.32). 
The imbedding from W(V, V’) = {~A~ E L’(0, 7’: V). (d:,idt) E L’(0. T: V’)} into L’(0, 
T; H) (see [ 1 l] for example) is compact. Thus the subsequences extracted from pk and 
0; converge strongly in L’(0, T: H) and a.e. on Q. And by (3.31) (3.32) we get the same 
results on (pr,) and (pi). 
p and p’ are positive. being limits of positive sequences. From Lebesque theorem we 
can deduce that T__~F~. ~_kpi. pk converges strongly to kpp': 7-k~~. 7-k pL.p~ converges 
a.e. on Q and ranges in a bounded set in L’(Q). 
3.3. Existence, unicity, and continuous dependence on the initial data 
THEORE~I 3.4 (existence). Assume that the hypotheses of Theorem 3.3 are fulfilled. 
Problem (1.1). . .(1.9) has a weak solution (p, p’) in E = (L’(0, T; V) II L.‘tO. T; H))’ 
whose derivative ((splat), (ap’iat)) is in (L’(0, T; V’))‘. 
Moreover p and p’ are a.e. positive and equal to continuous functions from (0, T) in 
L’(0). 
Proof. Due to Theorem 3.3: we can go to the limit in equations (3.29) (3.30). p and 
p’, positive functions in E, satisfy 
+ n(p, 2)) + /_L*(p’p, 2’) = 0. tlv E I’ 
+ n’(p’, 11’) + /L(pp’, 1”) = 0. Qz” E V. 
\“. b 
(3.33) 
(3.34) 
As p and p’ are in W(V, V’), they are consequently in 
CO((O, T): H) with p(O) = pk(0) = pa(r) (3.35) 
p'(0) = p;(O) = p;(r). (3.36) 
Equations (3.33)-(3.36) are a variational formulation of problem (3.1). . .(3.7) and we thus 
obtain (pey’, p’eY’) positive solution in E of problem (1.1). . .( 1.7). 
Remark 3.5. Equivalence between problems (3.33)-(3.36) and (3.1H3.7) is presently 
formal since the conclusions of Theorem 3.4 do not give a meaning to RBC (3.3)-(3.5). 
But we shall show later on (corollary 3.3) additional regularity. 
THEOREMS 3.5. The weak solution (p, p’) of problem (I. 1). . .( 1.7) is unique and depends 
continuously on the initial data: The mapping (pO, p&) -+ (p, p’) is continuous from H x 
H into (C”(0, T; H))‘. 
Proof. Let (PI, p’r) and (p2, pi) be two solutions associated to initial data (p:. p;‘) and 
(PG. PA’). We set IL’ = p2 - pI, I(” = pi - pi. From (3.33) we deduce: 
(3.37) 
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Setting it = M-’ in (3.37), and integrating from 0 to t we get: 
1 ~&x(t) 1’ - / rr*(O) 1’ + 2 ur aOc*, ic.) d; + 2 /ur p(p;~ 
/ 
7 p, w’. R.) dT = 0 
thus 
Since 
we obtain 
I (PI it’), \1’) I =s c / 11’ II-f I I(” jH II pl I/l. 
From (3.38) and (3.39) we deduce 
(3.39) 
In the same way from (3.34) we get 
which, with (3.40), leads to 
1 w(t) 1’ + 1 u*‘(t) 1’ < / \t(O) 1’ + 1 W’(O) 1’ + I’ h(~)[ I ~$7) 1’ f I R.’ CT) I’] d; (3.32) 
A(-;) = c’ !/ P I~L=(o.T) [ 11 P,(T) II2 + /I P;(T) /‘I” E L’@. 7-j. (3.43) 
Applying Gronwall’s lemma (A E L’(O, T)) we get 
1 ,(,(t) I2 + / w'(t) I2 s [ 1 ~(0) I2 + Iw'(O) I’] exp 1 A(r) dT (3.41) 
equivalent to 
I Pdfl .I - plcr, .I I2 + ( pi(f, .) - p;(t, .) 1-7 
s [ 1 Pi - PI! I2 + 1 ~6’ - P/J’ I’] exp ’ X(T) d7 (3.45) 
which completes the proof of the theorem. 
3.4. L’-Norms of p and p’, and additional regulclritv 
Experimental measurements can be made on the survival probabilities 
N(t) = 
I 
R’ 
R p(t, r)r2 dr 
N’(t) = p’(t, r)r2 dr. 
(3.16) 
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Thus the model will be checked on these quantities (see Fig. 12). Let Nk and N; be the 
approximate functions for N and /V’: 
I 
R" 
Nh(t) = R ph(t, r)r’ dr 
iv;(t) = 
(3.47) 
It is a simple matter to show: 
THEOREMS 3.6. The survival probabilities N and N’ are time continuous and decreasing 
functions. The approximate probabilities Nk and Ni converge to N and N’ strongly in 
L’(0. r) and a.e. Moreover one can show weak -H’(O, T) convergence for N and strong 
for iL”. 
Proof. From (3.46) we get N(r) = (p, l)v~,v. Hence by the existence theorem we 
deduce that N (and N’) are in H’(0, T) C C(0, T). From (3.33) and (3.34) we obtain: 
dN -= 
dt -KP(.+ R) - /J. JRR* pp’ rz dr 
dN’ R” 
-= _ 
dt IJ- R I 
pp’ r2 dr. 
(3.48) 
The right-hand sides being negative, N and N’ appear to be decreasing functions. Finally, 
similar equalities to (3.48) can be easily found on the Nk’s and NL’s. According to Theorem 
3.3 we may pass to the weak-l’ limit in these expressions and thus obtain weak-ti’(0, T) 
convergence for Nk and Nk. The reason for strong N’ convergence of NL is that no trace 
occurs in the expression of (dN;/dt). 
COROLLARY 3.3 (additional regrrlrrrity). The solution (p, p’) of problem (1.1). . .( 1.7) 
is in fact obtained in space 
[~‘(o, T; L’(R. Rx)) n L’(0, T; W’.‘(R, Rx)l’. 
Proof. Remind that W’.‘(R, R,) is the space of those functions of L’(R, R,) whose 
first derivatives are also in L’(R, R,). Since N and N’ are in H’(0, T) we obtain the 
additional time regularity 
E [L’(O, T; L’(R, Rx))]’ 
and by equations (1.1) (1.2) we deduce the same regularity on the second space derivatives. 
Remark 3.7. This additional regularity is not sufficient to prove global continuity of 
the solution on [0, T] x [R, R,]. But it is of interest as it enables us to attach a meaning 
to the boundary conditions (RBC’s (1.3)-(1.6)): the solution (p(t), p’(t)) being a.e. in 
(W’.‘(fl))‘, the RBC’s are defined a.e. by means of the trace theorems[l?]. 
3.5. Numerical approximation by finite difference schemes 
The space approximation has been detailed in Section 2, 3rd part: V,, denotes the vector 
space of step-functions on the intervals (r;. ri_ ‘), i = 1, . . . , I - 1. rI = R, rl = R,, 
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hl = hz. for i B 2 ri- I - ri = hi, / h 1 = SUpl<i<, hi, h’ = inf,,,,[ h, and 6 is the standard 
finite difference operator. Remind that we obtain a stable and convergent external ap- 
proximation of V (Proposition 1.2). 
Equations (3.16”)-(3.17”). n = 1, . . . , N are approximated in the following way: 
Let 11’ and II” be given in V,,. 
Foranyn = 1. . . . , N, find recursively functions pf = I[~ and ~‘2 = u’” in Vh 
satisfying: 
( 1P - d--l k” ( i’ ) + fl,,(IP, Z’) t ~“-‘(lP-‘ll”, z,) = 0 VT’ E v/, (3.49”) 
( 
I,)n - I*‘n-’ ) 
kl 
. i’ 
! 
+ a;,(ll’“, 1” ) + pn-‘(d- ‘ion, 1,‘) = 0, t/71’ E Vh (3.50”) 
cl/, and a;, , bilinear forms on V,, x Vt,. similar to n and a’, are given, for all (II, ~1). E VI, 
x VI,, by: 
where ((dU)/(dr)),, = O/,((dU)/(dr)), Oh mapping from H into Vtr such that: 
3C > 0. independent of h, such that 
/ O,,U 1 G C 1 u 1 VU E H. (3.53) 
Remind that R/, has been studied in Section 2: It is V/,-elliptic with constant cr(D, U). and 
satisfies the following continuity equalities for all (I!,~, 71,~) in VI, x V,,: 
with 
N(h) of order l//z’. 
One can easily obtain similar inequalities on a;,. 
Remark 3.8. Scheme (3.4Y)-(3.50”) is purely implicit. Indeed it was seen in Section 
2, while studying the simpler case t.~(f) = 0, that the purely implicit scheme SG,“, with 
0 = 1 was inconditionaly stable and preserved the positivity of solution. 
We thus find by a similar method to that used to obtain Theorem 3.1: 
THEOREM 3.7. Let 11’ and I(” be given in V,,, and positive, the assumptions about 
R. D, D’, K, k being the same as in Theorem 3.1. Then equations (3.49”) (3.50”) n = 1, 
. . . ( N have unique solutions (u”, I!“*) in space Vt, x Vt,. These solutions are positive. 
THEOREM 3.8 (NY& convergence). Choose 11’ = O,,po and 11” = O,,p;(O/, given in 
(3.53)). As h tends to zero, for fixed k, 
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(i) II~.JR converges to pk for the weak topology of L’(O, 7; H) and weak-star topology 
of L”(0, T; HI. 
(ii) S~~,.~/fl converges to (dpJ(&) weakly in L’(0, T; H). 
(iii) The same results of convergence hold for ~j,~/fl and Z~jJfl. 
Proof. Estimates similar to (3 .Z)-(3.13)-(3.24) hold for Al” and II’” due to uniform 
ellipticity of C~I, and n;,. 
We introduce the following piecewise linear functions on (0, T): 
L-&X(t) = IP + 
LP - lP-- ’ 
k” 
(t - t,) t E IL-,, t,,l 
z&,.x_(O) = 0 
ti;,.~ defined by similar formulae 
and establish the analogous of corollary 3.2. 
Then due to compacity properties. similar to that used in Theorem 3.3, and to the 
convergence and stability of the space approximation, we obtain results (i)-(iii), pk and 
p; being replaced by li and li’, unknown limits of the sequences. il and ir’ are equal to p. 
and pb at time t = 0. 
Passing to the limit in (3.4Y) (3.5(Y’), ir and il’ are shown to satisfy equations (3.16”) 
and (3.17”) whose solutions are unique. Hence the proof of Theorem 3.8 is completed. 
THEOREM 3.9 (strong convergence). Let J’ = OI,po and II” = O,,pA. Assume that there 
exist constants E, A, m, M independent of h and k, E E IO, I[. such that: 
I k y-E 
h’2(ITE) c x (3.54) 
mk,_, s k, s Mk,_l Vn, 2 s n s N. (3.55) 
Then the sequences (~r,,,~lR),,,~ and (~rj,,~/fl),,.~ converge to p and p’ strongly in L’(Q) and 
a.e. on Q. 
Proof. Theorems 3.8 and 3.3 give weak -L’(O, T; H) convergence of (ll,?.A) to p and 
(&k) to p’. 
The following estimates (analogous to (3.31) (3.32)) 1 u/,,~ - fil,.x 1 s k 1 11’ I2 and 
1 u;,.~ - ii;,.,: I c k I u”’ 1’ are easy to establish. Hence it is sufficient to prove strong -L’(O, 
T; H) convergence for (li,,,k) and (E;,,L). This is obtained as follows (see proof of Theorem 
2.5): 
We define the two sets 
3 = {li,,,klh s ho, ho fixed, h and k satisfying (3..54)(3.55)} 
3;’ analogous for irj,,k 
and point out that 9 and 3’ are bounded in L’(0, T; V) fl W’.“‘(O. T; HI (see lemma 
2.2). 
Thus ?F and ZF’ appear to be relatively compact in f.‘(O, T; H) due to the fact that the 
union, for h s ho, of the unit balls of the VI~‘s is relatively compact in H (see [ 13. 91). This 
completes the proof of the theorem. 
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COROLLARY 3.4. Under the assumptions of Theorem 3.9 the approximate survival 
probabilities s,,,(t) = J,$- ull,Jt)r’ dr and h’;,,x(t) = JR”- [I;,,~( t)r’ dr converge to the 
survival probabilities for electrons l\‘(t) = J‘g’ p(t, r)r’ dr and for radicals N’(r) = JR”- 
p’(t, r)r2 dr strongly in L’(O. T) and thus a.e. on (0, 7). 
4. NUMERICAL RESULTS 
We solve problem (1.1). . .( 1.7) by means of the purely implicit finite difference scheme 
(3.49”)(3.30”) developed in Section 3. 
The coupling coefficient l.~ is chosen equal to zero when comparison between the three 
and two-reactant models is required. The experimental data given by the physicists are 
mostly relative to alcohols and amines for which the cation creates a Coulomb potential 
U(r) = -(P/r) (Field E = (P/r’), p: Onsager length). The initial data pa (and pb) are 
Gaussian distributions centred at R. (and Rb) with standard error Roll (and Rhi4). The 
physical values for R. (and Rb) are not very precise, so it can be of interest to identify 
them by adjusting the numerical curves on the survival probabilities with the experimental 
measurements, when these exist. 
In order to avoid stiff coefficients in the equations, the calculation has been performed 
using dimensionless variables f = (D@)t and ? = (r/P). the survival probabilities being 
conserved. It is a simple matter to see that this leads us to set coefficients D and l3 equal 
to 1 in (1.1). . .( 1.7). The reaction rates K (see boundary condition f 1.3)) and K” (see 
formulas (1.10) (1.11) for the coupling coefficient p) appear to be divided by Dp: the new 
dimensionless reaction rates, lie, in the physical cases, between 10VJ and 103 for I?, and 
between lo- ’ and lo3 for I?“; the new coupling coefficient p(t) is thus decreasing from 
I*(O) = 4rIK”. 
In the numerical scheme, the time step is variable and lies between lOpi3 and lo-” 
s. The space-step varies from R/20 in the neighbourhood of R, to R or a few times R near 
R,. At a given time instant, the distribution functions p and p’ are solutions to tridiagonsl 
linear systems which dimensions lie between 150 and 500; these systems have been solved 
by Gauss method. For400 space-steps and 5000 time-iterations, 4 min CPU were necessar\ 
when the coupling coefficient k is non-zero , 2. min when k is identically zero (the matrix 
does not depend upon the time). 
I 1 
/ i 
j i .2.95.10-'1 
I 
I . * I . _t (sec.) 
0 10-l' 2x10-10 
Fig. I. Time-evolution of the coupline coefficient F in ethylenediamine (EDA). R” = 6 8. D” = 4.6 x IO-' 
cm’is. 4nK" = 2 x IO-"' cm3/molecule.‘s. 
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The following table shows the physical tested values: 
Experimental values 
Dimensionless 
values 
R and R” 3-ISA o.o.i-0.25 
R, 50-500 R 
D and D” IO-‘-IO-’ cm:& 1 
D’ 0.5 D-D 0.5-I 
P 10-100 A 
4IIK IO-“-IO-X c m’imoleculels lo-‘-lo’ 
4IlK” 10-‘2-10-x cm’imoleculeis lo-‘-lo’ 
Ro 20-70 A l-3 
RI5 3- l0.i 0. ISO.5 
7 lo-‘-lo-‘ s 3-300 
4.1. Description of the solutions 
4.1.1. Distribution function p( t, r) of electrons. The initial data spreads and develops 
asymmetry under the effect of the Coulomb attraction, created by the cation fixed at the 
origin. 
We observe three types of spatial evolution near the cation, according to the value of 
k = (KiDPI which estimates the competition between the chemical cation-electron re- 
action (parameter K) and the diffusion of the electron (parameter D) in the Coulomb field 
(parameter p). 
(i) When I? is large (Fig. 2), the chemical reaction is important in R and the electrons, 
attracted by the cation, are quickly neutralized. The gradient +/Jr is positive and large 
in the neighbourhood of R. 
Fig. 2. Distribution function p of electrons for five different times and a chemical rate constant IIIK = 5 X 
10m9 cm3/molecule/s. The initial distribution is gaussian (Ro = 30 A. Rh = IO A). The other parameters are 
those of EDA (R = R” = 6 A, R, = 1000 .&, D = D” = 4.6 x IO-’ cm’is. D’ = Z x 10m5 cm’is, p = 40 A, 
4&Y” = 2 x IO-” cm3/molecule/s). (a) r = 0; (b) I = 2 x IO-” s; (cl t = IO-” s; (d) f = 3 x lo-‘OS; (e) 
f = I.1 x lo-9 s. 
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Fig. 3. Distribution function p with 4rIK = 7.3 x IO-‘“cm’/molecule/s. The other parameters are those of Fig. 
2: (a) I = 0: (b) I = 2 x IO-” s;(c) r = 1O-‘0 s; (d) f = 3 x IO-” s: (e) z x 1.1 x lO-9 s. 
(ii) When I? is almost 1 (Fig. 3), the chemical reaction and the Coulomb attraction 
balance near the cation. The gradient api&- is almost null on the boundary (we get a 
Neumann problem). 
(iii) When I? is small (Fig. 4), the electrons are attracted near the cation, without being 
immediatety neutralized. The gradient dpiar is negative in the neighbourhood of R and 
the more so large as !? is small. 
Kc 1 
Fig. 4. Distribution function p with 4FIK = 5 x IO- " cm’lmolecule/s. The other parameters are those of Fig. 
2:(a) f = 0; (b) r = 2 x IO-” , s' (c) f = IO-'OS; (d) I = 3 x IO-“‘s; (e) f = I.1 x 1Om9 s. 
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0 R 10 30 50 
Fig. 5. Distribution function p’ of radicals. The parameters are those of Fig. Z.(a) t = 0: (b) t = 2 x IO-” s: 
(cl t = IO-” s; (d) t = 3 x IO-“‘s: (e) t = I.1 x 10m9 s. 
4.1.2. Distribution fmction p’(t, r) of radicals. For large times, we see two different 
spatial evolutions in the neighbourhood of R: 
(i) When I? is large (Fig. 3, the electrons mainly react with the cation, and the radical 
distribution spreads, decreasing from R to R, and becomes almost uniform at large time. 
(ii) When k is small (Fig. 6), the accumulation of electrons in the vicinity of R leads 
to an important disappearance of radicals. 
Fig. 6. Distribution function p’. The parameters are those of Fig. 4. (a) t = 0; (b) t = 2 X IO-” S: Cc) t = 
IO-” s: (d) t = 3 x IO-"' s; (e) t = I.1 x 10e9 s. Note that a relative minimum at R appears for large times 
corresponding to a large amount of electrons in the vicinity of R. 
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---- - - 
0.5 - ------___-_____ 
0 III t(sec.1 
,011 IO-‘0 10-g lo+ 10-7 
Fig. 7. Time evolution of the survival probabilities IV (full curves) and N’ (dashed curves1 for three different 
values of K. The other parameters are those of Figs. Z-3. (a) and (a’) 3nK = 5 X IO-* cm’imoleculeis: (br 
and (b’) -ILY = 5 x IO-” cm2imoleculeis; (c) and (c’) 3nK = 5 x IO-” cm”molecule s. 
4.1.3. SM~iIYzl probnbilities N(t) nnn N’(t). Let us recall that h’(r) = JCL p(t. 1.) 
4lIu’ dr and N’(t) = JR”- p’(t, r) 4l5’ dr. 
We verify that N and N’ are decreasing functions of t with N(t) s .V’(t). The time 
evolution becomes very slow after 100 ns. For the physicist as well as for the numerician. 
the main part of the neutralization is achieved after a few nanoseconds: Then half the 
electronic population has disappeared. The question of asymptotic behaviour of N(t) 
remains open (not being contained in the model). When K varies (Fig. 7). the evolution 
of iV or N’ is monotone. If K increases the electron-cation reaction, which importance 
can be measured by N’(t) - N(t) = 4IIK Jr, p(;, r) d7 becomes more important, while 
the electron-radical reaction is less intense. 
When K” varies (Fig. 13), the evolution is inversed. Nevertheless if K” increases, the 
survival probability of the cation 1 - (N’(t) - N(t)) decreases very slowly. 
4.1.4. Injllrence of the Coulotnb field. Its strength is evaluated by the Onsager length 
p. The larger p is, the more concentrated the electrons are in the neighbourhood of the 
cation (Fig. 8) while the distribution p(r, r) is not affected by the value of p for large I’. 
For times at which the radical has not yet diffused (Fig. 9), the field makes the electron- 
radical reaction easier (p’ decreases when p increases); the same holds for the electron- 
cation reaction at very large p. The survival probability N(r) decreases \vhen p increases 
(Fig. 10); so does N’(t) at short times (Fig. 11) when the radical has not diffused very 
much yet; but when this diffusion is achieved (large times in Fig. 11) the radical-electron 
reaction loses importance: The electrons, which keep being attracted by the cation, react 
with this cation rather than with the far-off radical. 
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Fig. 8. Distribution functions p(r, r) (full curves) and p’(r. r) (dashed curves) for five different values of p and 
t = 5 x 10-r’ s. The parameters are those of water (R = R" = 5.4 A. R, = 1000 A. Ro = 40 A. Rb = IO .A. 
D = 1.35 x 10-"cm2/s, D' = I.18 x IO-‘cm’is. D” = 7.3 x 10e5 cm’is, JIM = 1.22 X IO-” cm2/moleculei 
s. 4fIK” = 2 x 10. ‘” cm’imoleculeis). (a) and (a’) p = 0; (b) p = 3 A: (c) p = 7.15 A (value of the Coulomb 
field in water): (d) p = 20 A; (e) and (e’) p = 40 A: (D the distribution function p’ is nearly invariant under the 
variations of p. 
I 
0 fl 10 40 70 
Fig. 9. Distribution function p(r, r) (full curves) and p’(t, r) idashed curves) for t = 3 x IO-“’ s. The other 
parameters are those of Fig, 8.(a) and (a’) p = 0; (b) p = 3 A: (c) and (c’) p = 7.25 A (value of the Coulomb 
field in water): (d) p = 20 A; (e) and (e’) p = 40 A. 
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10-'1' IdO 10-g ll+ 10” 
Fig. 10. Time evolution of the survival probability N for different values pf p. The parameters are those of Fig. 
8. (a) p = 0; (b) p = 7.25 A (water system); (c) p = 20 A: (d) p = 40 A: (et P = 80 A. 
4.2. Validity of the model 
4.2.1. Identification of the vnlrres ofRo (Fig. 12). The mean R. of the initial gaussian 
distribution of electrons is the less precise of all the experimental constants used in the 
model. In order to identify Ro, a mathematical criterion could be deduced from an asymp- 
totic conjecture on the survival probability N. Due to the continuous dependence of the 
solution on the initial data pO and p&. and thus on Ro. we prefered direct numerical ad- 
justement based on experimental measurements of the survival probabilities. 
Nit) 
1 
d 
0.7 I I 1 ttsec.) 
la-‘1 10 -I0 10-g 1o-8 a-’ 
Fig. I 1. Time evolution of the survival probabclity N’ for five different values of p. The parameters are those 
of Fig. 8. (al p =0: (b) p = 20 A: CC) f3 = -10 A: (d) p = 80 A. 
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o:: t(s=.) IO-9 10-g 10-7 
Fig. 12. Time of evolution of N and N’ for different values of Ro. with the EDA parameters. Rb. R, R”. R=. D. 
D’, D”. -. K” as in Fig. II, 4flK” = 2 x IO-‘” cm’imoleculels. (a) Ro = 70 A; (b) Ro = 60 A; (c) Ro = 30 A; 
the vertical bars represent experimental values. 
, 
N(t) or N(t) 
1 -(Nit) - Nttl) 
1 
0.95. I I I t (se=.) 
10-J 19-9 10-a I o-’ 
Fig. 13. Time evolution of N and ,k” and of the survival probability I - (.A”(!! - N(f)) of thq cation. for different 
values of K” with ED.4 parameters. R. = 60 A. R ;, = 10 A, R = R” = 6 A. R, = 1000 A. D = D” = 4.6 x 
IO-’ cm’is D’ = 2 x 10e5 cm’js. p = 10 .i, JFIK = 5 x IO-” cm”imoleculels. (a) A”’ = 0 (t\vo reactant 
model): (b) 4HK” = 2 x IO-” cm’imolecule s: (c) 4nK” = 5 x IO-” cm’/moleculeis; (d) -IRK” = 1 x IO-‘” 
cm’imoleculeis. 
Xlodclling. mathematical and numerical study of ion neutralization in an irradiated solvent 257 
N(t) 
1 
Fig. 14. Comparison of the t,wo reactant model and three reactant model for ethanol. Ra = 30,A. RA = 10 A. 
R = R” = 5 .i. R, = 1000 A, D = D” = 2.3 x lo-’ cm’is. D’ = 2 x 10m5 cm’is, p = 12.5 A, 4TIK = lo-’ 
cm’/molecule!s. (a) A’(r) for 4fIK” = 5 x IO- ” cm’/molecule/s: (p) N(r) for K” = 0. The vertical bars represent 
the experimental values. The inset represents the distribution function of electrons for different times. (a) I = 
0; (b) I= I.1 x IO- “3: IC) I = 3.3 x IO-” s; (d) r = I.1 x 10e9 s; (e) t = 1.1 x IO-” s. 
For example, in the case of ethylenediamine, value R. = 60 i gives good agreement 
with the experimental data on N. 
4.2.2. Comparison between the tlr’o and three reactant models (Figs. 13 and 14). In 
the cases where parameter R” = (V/D@) is small, equations (1.1) and (1.3) are weakly 
coupled: In these solvants. the electron disappears mainly by neutralization with the 
cation, the reaction between the electron and the radical being very slow. The isolated 
pair model is thus correct to describe the phenomena. It is the case for ethanol (where 
i?’ = 0.096). One can observe less than 17~ error between the two models (Fig. 14). When 
i?” is big the two rectant model is inoperant and one has to chose the three reactant model. 
In the case of ethyoenediamine (K” = 10.76) one can compare on Fig. 13 the values of 
N(t): Curve (a) is obtained with the two reactant model (K” = 0) and curve (d) with the 
three reactant model (K” = Z x lo-‘” cm3/moleculels). 
CONCLUSION 
Qualities and limits of the model 
This study on the ionic neutralization problem proposed by the “Laboratoire de Phys- 
ice-Chimie des Rayonnements” (University of Paris-Orsay, France) has allowed us to 
propose a simple model whose qualities and limits are now well precised: (i) The three 
reactant model is still simple. (ii) For the values of the parameters given by the physico- 
chemists, the numerical solutions appear to be in good agreement with the experiments: 
It is the case as well for the distribution functions, as for the shape of the curves of survival 
probabilities or for their evolution on the various parameters of the problem, or for the 
characteristic times of the phenomena. (iii) The model allowed us to determine the value 
Ro characterizing the nature of the interaction between a ionizing radiation and a liquid 
and to study the influence of some properties of this liquid (polarity for example). (iv) 
The physico-chemists are wondering whether the model still describes the evolution of 
the neutralization phenomena for times longer than IO-’ s. 
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The question induced by (iv) is of importance. The model applies to the idealized 
situation where three species, denoted by 3 3 and 2. are gathered in an elementary volume 
A V. In fact, the concept of 3 V is related to isolated triplets 3X): then the study of the 
neutralization phenomena in 1 V is independant from the other triplets. But the physicists 
know that two or more pairs or triplets can be gathered in the same elementary volume 
A V; and furthermore the A V’s can spread by diffusion and cannot always be considered 
as isolated. 
One should now think about a model allowing to describe the phenomena at long times 
and to take into account the possibility of non neutralized species at infinite time. 
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